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Linear versus Logarithmic Averaging

Henry Cox

Liarid Tsyler Modsl Basin, Waskington, D. C. 20007

Consider » data samples {z,, +--. x,} such that o <LK SU< ». Let K= U/L; then it is chown that lo-
dependent of » & lower bound on the ratio of the geometric mean t the arithmetic mean of the data samnples
is given by [InX /(K — 1) ]JK (W X)-4/(X=1); This bound is useful in scoustic signal processing since it limits
the amount of deviation that can be attributed to averuging legarithms vice taking the logarithm of the
average of data samples. Both methods ave currently in use at facilities specializing in the processing of
acoustic deta. Fora X of 10 dB, for example, the geometric meaa is less then 1.5 dB below the arithmetic

mean.

INTRODUCTICN

N dealing with scoustic data, it is customary to
express quantities in logarithmic form (decibels).
The output from a data-processing operation can de-
pend upon the point at which he conversion from a
linear to a logarithmic scale is made. In particular,
certain data-processing facilities average before taking
logarithms and so obtain the logarithm of the arithmetic
mean of the data sample, while other facilities convert
to a logarithmic scale before averaging, thereby cbtain-
ing the logarithra of the geometric :aean. The question
naturally arises, “How much differance can the type
of averaging used make in the fina! result?”’ The purpose
of this paper is to provide a bou:.1 on the amount of
deviation that can be attributed to geometric averaging
vice arithmetic «veragiag.

The data are assumed to consist of » samples that
are confined to lie between an upper Imit U and a
positive lower limit . The quantity studied is the ratio
of the geometric mean o the arithmetic mean; that is,
the function

A 1 [
F@=dl =2/~ = ()

where 0<LSx U< ™. It is well-known that this
ratio is equal to or Jezs than unity, and equal io unity
only if all the 2/s are equal. The problem is to bound
this ratio as closely s possible from below.

L RAIN RESULT

The main result of this paper can be summarized
in the following Theorem. Let F(x) be defined as in

Eq. 1. 7f 0<L<2SU<® for im1, 2, -+, u, and
K=U/L>1, then XK)<F(z)<1, whese

B(K)=[InK/(K—1)]Kt 1 aK)-it(K~D},

The proof of this theorem is givan in Appendix A.
For convenience, vaiues of the lower boind B(K) are
given in Table I and a plot of B(X) is given in Fig. 1.

From Table I, we see, for example, that, for K=2
(= spread in data of 6 dB), then F(x)>0.942 and the
geometric mean is Jess than 0.52 dB below the arith-

iaey . mean. R

I1. DISCUSSION

The function B(X) is a lower bound on the ratio of
the geometric mean to arithmetic mean. As is shown
in Appendix A, F(x) takes on its minimum value only
when a certain percentage of the data points lie on the

Tastz 1. Vabies of lower bous.

K 20 logX' B(K) 20 log:eB(X)
v: 3.0103 0.985 12 — 0.13019
2 6.0206 0.942 08 ~ 0.518 20
4 12.041 0.791 30 - 2.0332
8 13.062 0.599 97 — 44374
16 24.082 041765 ~ 15837
2 30.103 0.271158 —-§1.3t6
64 36 124 0.167 98 —15.498
i28 42.14 0.059 959 ~20.00¢
256 48.165 0.057 840 —-24.755
s:2 54.185 0.032 782 —29.687
1024 60.206 0.018 204 —~34.754
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upper iimit U and the remeinder lie on the lower timit
L. Hence, it is extremely unlikely in an actual data-
proceauing operation that F(x) will take on its minimum
value. In fsct, the devistion between the geometric
mean snd the arithmetic mean will irequently be much
less than the amount of the bound. Further, it must be
emphasized that, in a data-processing operation, it is
the spread of the dats at the poinz in the process at
which conversion trom linear to logarithmic scale occurs
rather than the spread in the raw daia thai detertaines
the amount of deviation.

1L CONCLUSION

A und on the deviativn of the geometric mean from
the arithmetic mean has bzen presented. This bound
depends only on the ratio of the maximum value to
the minimum value of the data sample and is indepen-
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Fic 1. Pizt of lower bound B(K) vs K.
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dent of the number of sample points. Tiuis result has
direct application in the processing of accustic data.

Appendix A : Proof of Theorem

Let x be the vector (23, 23, « <+, 2.}, and consider the
fuaction

[ 1a
F(z)=[]] =} / -2 %, (A1)

[ % =1
defined on the hypercube Hm{x: 0< LS SUL =},
Note that F is continuous on H, and ¥ is compact so
that a minimum of F on H exists, and that this mini-
mum must be either in the interior of H or on the

boundary of H. Differentiating Eq. A! with respect to
%; and rearranging terms, yields

OF[ox;= (n— 1)[1.}‘ sl '[;_1—_; E‘ 3&"«] /

»
o nl (A2)
} )

Examining Eq. A2, we see that, for xed,

oF 1

—=( for zw— X x, (A3)
0% n—1 bs

oF 1

—<0 for 2>— L 2, (Ad)
ox n—1 kn¢

aF 1

—>V for 5<—3Y x (AS5)
a-f‘ ”—1 Aot

At a stationary point, the relation 9F/vx;=20 mv st be
satisfied for =1, 2, ---. = From En. A3, i: iscovious
that, for xefl, this happens if and only if all the z,’s
are aqual, i, e, it and only if x,=x: for i=}, ---, n,
j=1, ---, n. In this case, F(x)=1 aud the stationary
point is a maximum,

W2 can o' tain information about the minimum of
F(x) on L' i om Eys. A4 and A5, which iraply that,
independen. .f ‘he values o the olher coordinates, F () can
alws- 3 be made smaller by decreasing ; for

1
n<— 2 £ (Aﬁ)
n—1 apd

and by increasing z; for

1
2>— T x (A7)
n—1 aps

This iraplies that F must take on its minimum at one
of the vertices of H; that is, at the minimum of F, each
ccordinate must equal either the upper limit U or the
lower limit L.

¢ us now examine the value of F at the vertices
of H. Suppose that A ccordinates are equal to U and
(1—X)n coordinates are equal to L; then, substitutirg
these values into Eq. A1, we see that F(x) i equal to

K
= A0, 1/m,2/m, .--, 1, (A8
v I, 3in (A8)
K=U/L>1,

At A=0 and A=, all coordinates are equai and
Sf{0)= f(1)=1, whioh is the maximum - alue of F(x).

Now, consider the problem of m.aimizing Eq. A8
with respect to .. or, equivalently, munimizing

In(f(\)= MoK ~In{14-A(K—1)}.  (A9)




L

For the moment, suppose that A could tuke on con-
tizuous values on the interval <A< 1. Then, setting

d(Ie(f())}/dr=1nK— (K—1)/[1+1(K—1)] (A10)
equal to zero and solving for }, we obtain the minimizing

value
A= (1/inK)—(t/(E-1)). (At1)
This value of . lies in the interval 0<A <1 as required.
To verify that A* actually corresponds tc a minimeim,
we note that
Pl /() TV/aN
= (K~-1Y/[1+rk—-1)P>0 ror 0<A<1, (A12)

which. shews that In[f(A)] is convex on the interval
0<A<1. Substituting A® from Eqs. All in Eq. A8,

yields the basic result
F(z)Zi]nK/(K—l)]K((V‘-KH/(‘-!H, (AB)
which was to be proven.

KEMARK

Although we have treated ) as a continuous vaziabie
in deriving Eq. A13 in the original problem, A conid
only take on discrete values 0, 1/x, 2/, -+ -, 1. If none
of these values correspond to the minimizing value A*
givea in Eq. All, then the inequality in Eq. A13 be-
comes a strict inequality. If, for exampie, (m/w)<)®
<{m+1)/n for some me{0, 1, ---, n—1}, then, from
Eq. A12, we see that the mipimum of F(z) is equal to
either f(m/n) or f(m4-1/x), whichever is smaller.
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